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Abstract 

We derive line-element's templates of space-time models with Space 
models complying with Helmholtz's Free mobility postulate, and discuss 
some of the Time models compatible with them. 

Introduction 

General relativity owns much to the continuous efforts made by mathematicians 
to understand the logical coherence of Euclide's postulates that led them to dis- 
cover new geometries. Helmholtz, a physician and physicist, introduced in this 
quest the empiricist idea that the geometry of space should be such that rigid 
solids could be displaced and rotated without modifying their geometrical in- 
trinsic properties. This "Free mobility postulate" led him to the conclusion that 
a 3-dimensional space geometry should be a Riemannian space with constant 
curvature0 . 

General relativity is a far-reaching formal theory of space-time as well as 
a successful theory of gravitation where by geometry is meant essentially 4- 
dimensional space-time geometry, and this raised, from the very beginning, fun- 
damental difficulties to deal with rigid bodies. As a consequence Helmholtz's 
ideas are considered now by most as completely obsolete. 

This paper is a proposal to re-consider Helmholtz's empiricist point of view 
in the frame- work of General relativity implementing the Free mobility postulate 
to define the Space models and the Time models that are compatible with them. 

1 Frames of reference 



Let: 



ds^ ^ gafi{xP)dx°'dx'^ (1) 

be the line-element of a space-time model referred to an arbitrary system of 
coordinates (i, a;'; i,j,k,... — 1,2,3). And let u" be a unit time-like vector 
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^ As a short introduction to the subject I suggest reading the web pages Reichenbach on 
Helmholtz, Riemann and Helmholtz, and Universalgenie Helmholtz. Ref. |l] is a full book on 
the subject. 
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field. The congruence C that it defines will be interpreted as a frame of reference 
if a definition of space distance can be found such that the distance between 
world-lines remains constant. 

Congruences able to to describe a frame of reference must satisfy accepted 
geometrical postulates while congruences describing the evolution of a physical 
system must satisfy the laws governing it. This paper is focused in a proposition 
to lay down the postulates that a frame of reference has to satisfy. 

A system of coordinates is said to be adapted to the congruence C defined 
by u^'ixP) if: 

=0 (2) 
the coordinate transformations that leave invariant these conditions are {t = x^): 

t^t{t',x^'), x'=x'{x^') (3) 
and can be therefore be decomposed into a pure adapted time transformation; 

t = t{t',x^), x'=x' (4) 
and a pure adapted space transformation: 

t = t x'^x'ix^') (5) 

Intrinsic properties of time-like congruences are those that are invariant un- 
der adapted coordinate transformations. 

Under adapted coordinate transformations we have in particular the follow- 
ing relationship: 

Ti,^,{x''')g'^'^' = A'^r^^^g^^x") - g^'^dX (6) 
where the Fs are the Christoffel symbols and: 

/ _ dx"- j _ dx^ 

^1 - dxi ' " dxi' 

Let us assume that we know how to associate to the congruence being considered 
a 3-dimensional time independent connection F that transforms concomitantly 
to F under adapted coordinate transformations: 

^j'k'i^'' ) ~ ^mni^'')^]'^k' + ^j' Af., (8) 

We can then construct the following subordinate quantities: 

U ^ Tl^g^-^ - f (9) 

that transform as the components of a vector of the quotient manifold defined 
by the congruence C: 

V' = A'-U (10) 
Using a system of coordinates adapted to the line-element ([TJ becomes: 

ds^ = ~A{t,x'f{-dt + fj{t,x')dx^Y + Ait^x^y^ds^ (11) 



2 



where: 



A = V-Soo, Ij = A ^goj (12) 

and: 

ds^ = gjkdx^dx'', gjk = ^^(ffjfc + ^Vj/fc) (13) 

Let us consider an adapted time-transformation Under such a time 

transformation we have: 

A'{t',x^)^A^ (14) 

Similarly we have: 



and also: 



All these quantities are tensors under adapted space coordinates transformations 
Continuing this analysis a short calculation proves that: 

dtV ^ ^ dt 



^'"^'^^[dFj + Xfc (17) 

where: 



+ (18) 

and: 



But we have also: 

= dth - (^^j X, (20) 
and therefore ([T7| can be written: 

(21) 

where: 

45., = |^ + A^ + 25,,9Jfe (22) 



Let us define the following connection-like symbols: 
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^k = i^f{dj9H+dk-9,i-dig,k) (23) 
Taking into account dTSl) and (|22l) we get under an adapted time transformation: 

f j'/o' = r}, (24) 

and therefore they transform as connection symbols under general adapted co- 
ordinate transformations ([3]). 

Let us consider now a 3-dimensional constant curvature Riemannian metric 
with coefficients independent of the time- variable t: 

ds^ = gij{x^)dx''dx\ Rij{x'-) = kgij (25) 

We shall say that the line-element ([TT]) is an implementation of Hemholtz's 
free mobility postulate with the geometry described by the space metric (^5)) 
if the following conditions, which are invariant under any adapted coordinate 
transformations, are satisfied: 

(fjfc - r^kW" = (26) 

where r* j, are the connection symbols of ds^. 

The consideration of space-time models in General relativity implementing 
Helmholtz's postulate serves two main purposes: i) To allow to consider a frame 
of reference with congruence C as a standard of rest by defining the distance 
between two world-lines with space-coordinates x\ and X2 as the integral of ds 
above between these two points of space along the geodesic joining them, and 
ii) to give a meaning to space-coordinates by saying that they mean for the 
line-element pT|) the same thing that they mean to 



2 Space models 

Using arbitrary coordinates, let (a, 6, c, . . . = 1, 2, 3) 

dS^ = Sabd'^d'' with 0" = ef{x'')dx' (27) 

be a normalized orthogonal decomposition of the line-element (|25p . From the 
definition of the Cartan connection of a Riemannian metric, we have: 

dO'' + Cot ) A 0^ = 0, Sac^l + 5bcCol =0 (28) 

Writing: 

=== iCb",(a;J>'' Ar, (29) 
and using the following notation: 

<^fc=76c(^'>^ (30) 
a well known procedure leads to the following result: 

7o,6c — -^{Ca,bc + Cb,ca ~ Cc,ab) (31) 
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where: 

7a, 6c = ^adlbcJ Ca,bc = ^adC^c (32) 

Let us consider the S-dimensional metric p3p assuming that it can be written 

as: 

ds^ =al{t,x^)SabO''9'' (33) 

The corresponding Cartan connection will be now the valued 1-form defined by 
the two equations: 

dO'^ + Cj^it, x') A 6^ = 0, SaJal = alSacCol + alSbcU^l (34) 
and a similar calculation that led to leads now to: 

la,bc{t,x') = ]j^{Ca,bc + Cb,ca " Cc,ab) + ^{dba^Jac + dcO?Jab ~ da^lSbc (35) 

where here: 

7a,bc = CtlSadlbc^ Ca.bc = Oi^l^adCbc (36) 

and: 

da^(^M + hdt) with e'aS'S^S] (37) 

To implement the free mobility conditions (1261) . the following three equations 
have to be satisfied: 

da In ^ + eldth = a,f,a(l - alaf) + Ce,ca(l - a^a-2) (38) 

where 6 = a + 1 and c = 6 + 1 are defined modulo 3. 
It is also useful to introduce the three functions: 

ha{t,x^) = ^, al = hbK (39) 
aa 

in which case the preceding equation becomes: 

daha + hae\dtfi = CbMa{ha ^ h) + Cc^ca{ha " h^) (40) 

Below we give a few examples assuming that the constant curvature k is 
zero, that neither fi nor the metric (1331) depend on t, and that the coordinates 
diagonalize the Euclidean metric ds^. The general formulas in this case are: 

ds^ — Qi{u, V, w)^du^ + Q2(w, v, wYdv^ + Qsiu, v, wYdw^ (41) 

with: 

duhi ^ - {hi - h2)du\nQ2 - {hi - /i3)9„ln(33 (42) 

plus the two cyclic permutations of u, v, w and 1,2,3. 
If the coordinates are Cartesian then: 

et = St (43) 
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and the line-clement (1551) becomes: 

ds^ ^ h2h3,dx^ + hshidy"^ + hih2dx^ (44) 

with: 

S^a^^ha = (45) 

If the coordinates are cylindrical: 

6»i = dp, = pdip, = dz, (46) 
then the line-element (1551) becomes: 



ds^ = h2h3dp'^ + hship'^difi'^ + hih2dz^ (47) 

with: 

dphi=-p-\hi~h2)^0, d^h2=0, d,h3^0 (48) 
If spherical coordinates are used: 

6»i = dr, 6*2 = rde, 9^ = rsm9dip, (49) 
then the line-element (1551) becomes: 



ds^ = /la/igdr^ hshir^de^ + hih2r2 sin^ 6'd(/32 (50) 

with: 

drhi = -r^^{2hi - h2 - hs), deh2 ^ ~ cot9{h2 - h^), d^h^ = (51) 

Notice that the words Cartesian, Cylindrical and Spherical have a meaning 
when applied to the metrics ds^ because of the special relationship that we have 
established between this metric and ds^, otherwise they would be meaningless. 

3 Time models 

Generally speaking, by a time model implementing an empiricist postulate, we 
mean any set of circumstantial conditions superimposed to a space model so 
that the coordinate time can be identified with proper time along at least one 
of the world-lines of the congruence C. 

We discuss below two particular time models: 

Universal tim^ .- Let us consider a particular hyper-surface 5*0 transversal 
to C and consider the function: 

t'{t,x') = f dT (52) 

J to 



^Universal, Local and Ephemerides time names as used in this section are not meant to be 
exactly what they mean when commonly used in astronomy 
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where the proper-time integral is calculated along each world-line with space 
coordinates and is the intersection of it with 5*0. The family of hyper- 
surfaces t' — cte. defines a universal time in the sense that one has A — 1 
everywhere, meaning that the time coordinate coincides with the proper-time 
on each of the world- lines of C. 

Since the hyper-surface is arbitrary Universal time and fi are only defined 
up to the transformation: 

t"^t'+^{x^), n' = n+dM^n (53) 

where '0 is an arbitrary function of the space coordinates. 

Chorodesic Local time.- A chorodesic of the line-element (llip is a space-like 
integral of the differential equations ([5] and [3]): 

^ + r°o(/)2 + 2rOfc// + r?,pV - -A-^dt{A-'g.,)pY (54) 



^ + r^o(/)' + '^K.pV + r),iPp' = (55) 



dp' 

the r's being the Christoffel symbols and = dx" /dX. 

The important thing about the chorodesics of a congruence is that if one 
of them is orthogonal to one of de world-lines of the congruence then it is 
orthogonal to all of the world-lines that it crosses. 

We define a Chorodesic Local time based on any particular world-line Wq 
with space coordinates Xq of the congruence with the following intrinsic con- 
struction: let us consider the family J" of hyper-surfaces generated by all the 
chorodesics issued from events on Wq and being orthogonal to it that we con- 
sider to be the new hyper-surfaces t' — Const.; they will be space- like in an 
open domain around C. Choose an origin of time tg on Wq and consider an 
event on a second world- line W with coordinates (t, x*). Then the fimction t' 
will be: 

t'{t,x') = f'dT, (56) 



the proper-time integral being calculated along the world-line Wq and ti{t,x'') 
being the time coordinate of the intersection of the hyper-surface of that 
contains the event (t,a:') with Wq. We shall have then A' ^ 1, where the 
symbol ~ means an equality on Wq. And from UaP°' ~ 0, p*^ ^ and being 
arbitrary on every event of Wqwc get // ^ and dtfi ^ 0. 

Let us consider the definition of the rotation rate of the congruence C: 

a,, = AidJ, + JAfj - djh - fjdtU) (57) 

If f2.y = then the integrability conditions of the system of differential equa- 
tions: 

^^^^^f,{t{t',x^),x^) (58) 

are satisfied and therefore an adapted time transformation exists such that fi — 
which means that there exists a family I of hyper-surfaces orthogonal to C . If 
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a world-line is intersected at by one hyper-surface of T at one event with space 
coordinates Xq it will contain all curves that are orthogonal at C and therefore it 
will contain also all the chorodesics issued from xq which means that the family 
of hyper-surfaces I coincide with the family of chorodesics t' — Const. 

Things are more complicated if fiij ^ 0. We offer below the calculation of 
the first and second derivatives of fi{t',x^) on the world- line corresponding to 
the chorodesic time t'. 

From dp^ /d\ ~ we have: 

dJ'^+d.n^O (59) 

and also from d^p^ /d\^ ^ 0: 

^^JfL + ^Jkn + ^k^f;^0 (60) 
From the definition of flij above get: 



^ij ^ difj - djfi (61) 

dk^ij ^ dkA{difj-djf.,)+dkifj-dkjfi (62) 

or: 

dki^tj - dkAflij dkifj - dkjfi (63) 
From ([snjl and (pTjl we get: 

^^fJ ^ ln^J (64) 

and from ([BU)) and ([S^ after symmetrization of the indices j and k we get: 

djkfi ^ -^{dk^ij -~ dkAilij - djilik - djA^ik) (65) 

Ephemerides time.- Besides the particular case considered above where the 
congruence C was integrable, a second case deserves particular attention; namely 
the case where the frame of reference is stationary. As it is well known, when 
the congruence C is a Killing congruence, then an Ephemerides time coordinate 
can be chosen such that: 

dtA^O, dth^O, dtg^.^O; (66) 
and it is defined up to the transformation: 

t" = Xt' + tp{x') (67) 

where A is a constant and ip is an arbitrary function of the space coordinates. 

The ephemerides time model is compatible with the local chorodesic time 
model, 14 . On the other hand the ephemerides time model is not in general 
compatible with universal time. 
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4 Spherically symmetric models 

Let us consider the following spherically symmetric line-element: 

ds^ = -A{t,rf{-dt + f{t,r)drf + A{t,r)-^ds'^ (68) 

where: 



ds^ ^ [l-k—] {B{t, rfdr^ + Bit, r)C{t, rydfl^) (69) 



and: 



2\ -2 



dS^ ^ k^j {dr^ + r^dn^) (70) 

Equivalently this line-element is often written in several other familiar forms 
after a radial coordinate transformation r = r{r'): 

ds^ = + r'^dn^ (71) 

1 - ^ ^ 



and: 



ds^ = dr' + \k\ sinh(v/[fc|r')^df^^) if k<0 (72) 



ds^ = dr'^ + \k\ s■m{^/\k\r'fdn^) if fc > (73) 

Since this metric has constant curvature k the free mobility postulate has 
been built in the model. 

To implement a model of space in the sense of the preceding section, Eq. 
I^E^, the following equation has to be satisfied: 

when the line-element (j70p is used and: 

when one of the other three mentioned forms is used. 

Let us consider a general adapted time-transformation: 

t = t{t',r) (76) 
Under such a time transformation we have: 

A'{t',r)^A^ (77) 

Similarly: 

WO = S^, C'{t',r) = C^ (78) 
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and also: 



( 



at 



) 



1 



( 




) 



f'it',r) 



(79) 



While the Universal time model and the Ephemerides time model when the 
frame of reference is stationary can be implemented as usual, the Chorodesic 
time model can be conveniently simplified requiring only the radial curves t' — 
Cte. to be chorodesics. This leads immediately to the condition f'{t',r) — 0, 
that is known to follow also from more general arguments. 

Acknowledgments 

I gratefully acknowledge the careful reading of this manuscript by J. Martin and 
the suggestions he made to me to improve it. 

References 

[1] B. Russell, An essay on the foundations of geometry, Reprinted by Routledge 
London (1996); available at [http:// www.archive.org/details/117723764l 

[2] LI. Bel in Relativity in General, Eds. J. Diaz, M. Lorente, Editions Frontieres, 
47 (1994); arXiv:gr-qc/1103.2509 

[3] LI. Bel and J. Llosa Class. Quantum Grav., 12, 1949 ( 1995) 

[4] LI. Bel in Relativity and Gravitation in General, Eds. J. Martin, E. Ruiz, F. 
Atrio and A. Molina, World Scientific (1999); ArXiv:gr-qc/9812062 



These are two excerpts from [T]. 



72. (3)... This argument leads us to Land's distinction of physical and ge- 
ometrical rigidity. The distinction may he expressed and I think it is better 
expressed by distinguishing between the conceptions of matter proper to Dynam- 
ics and to Geometry respectively. In Dynamics, we are concerned with matter 
as subject to and as causing motion, as affected by and as exerting force. We are 
therefore concerned with the changes of spatial configuration to which material 
systems are liable: the description and explanation of these changes is the proper 
subject-matter of all Dynamics. But in order that such a science may exist, it 
is obviously necessary that spatial configuration should be already measurable. If 
this were not the case, motion, acceleration and force would remain perfectly in- 
determinate. Geometry, therefore, must already exist before Dynamics becomes 
possible: to make Geometry dependent for its possibility on the laws of motion 
or any of their consequences, is a gross hysteron proteron. 



Appendix A 
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...Thus, to conclude: Geometry requires, if it is to be practically possible, 
some body or bodies which are either rigid (in the dynamical sense), or known 
to undergo some definite changes of shape according to some definite law. (These 
changes, we may suppose, are known by the laws of Physics, which have been 
experimentally established, and which throughout assume the truth of Geometry.) 
One or more such bodies are necessary to applied Geometry but only in the sense 
in which rulers and compasses are necessary. They are necessary as, in making 
the Ordnance Survey, an elaborate apparatus was necessary for measuring the 
base line on Salisbury Plain. But for the theory of Geometry, geometrical rigidity 
suffices, and geometrical rigidity means only that a shape, which is possible in 
one part of space, is possible in any other. 

Appendix B 

To state the Postulate of free mobility, when discussing the Fundamental prin- 
ciples of geometry, it is usual to appeal to our immediate intuition of solids. We 
believe that it is simpler, following the steps below, to appeal to our immediate 
intuition of flexible, open threads, with two distinct end-points, that can not be 
elongated nor contracted unless submitted to an "excessive" tension. 

Definition 1.- Two threads have the same length if they can be superim- 
posed. 

Definition 2.- Let us select a thread U to which we attribute the length 1. 

Then a thread has a fractional length n/m if m juxtaposed copies of it has 
the same length as n juxtaposed copies of U. 

This is as much as it is necessary to speak about the quantity Length 

Definition 3.- A stretched thread is a thread submitted to an "acceptable 
tension" . 

Axiom 1.- Let T be an stretched thread with length L . Then no thread 
with length less than L can have the same origin and end as T. 

Definition 4.- A Simplex of dimension d is a set of of d -|- 1 distinct vertex 
joined by stretched threads, such that at each vertex coincide d ends of d different 
threads. 

Axiom 2.- In physical space the maximum value of d is 3 if we wish all the 
threads involved in the simplex to have the same length. 

Free mobility postulate.- Every simplex that exists at some location of 
physical space can be moved or duplicated anywhere else. 

Definition 5.- The distance from one point to another is the length of the 
shorter stretched thread with one end at one point and the other end at the 
other point. 

Theorem (Riemann, Helmholtz). If the geometry of physical space is Rie- 
mannian, i.e., if the distance between two points can be calculated by the inte- 
gral along a geodesic of the square-root of an elliptic quadratic form, then the 
Free mobility postulate requires the curvature of space to be constant. 
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